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THE DIOPHANTINE EQUATION (x+ 1)k + (x+ 2)k + · · ·+ (ℓx)k = yn REVISITED
DANIELE BARTOLI AND GO¨KHAN SOYDAN
Abstract. Let k, ℓ ≥ 2 be fixed integers and C be an effectively computable constant depending only
on k and ℓ. In this paper, we prove that all solutions of the equation (x+1)k+(x+2)k+ ...+(ℓx)k = yn
in integers x, y, n with x, y ≥ 1, n ≥ 2, k 6= 3 and ℓ ≡ 1 (mod 2) satisfy max{x, y, n} < C. The case when
ℓ is even has already been completed by Soydan (Publ. Math. Debrecen 91 (2017), pp. 369-382).
1. Introduction
Let Z and N be the sets of integers and positive integers, respectively. Many authors studied the
Diophantine equation
1k + 2k + ...+ xk = yn, x, y ∈ Z, k, n ≥ 2
(see, e.g., [2], [5], [7], [10], [11], [12], [16], [19], [20], [22], [25], [26]).
A more general case is to consider the Diophantine equation
(1) (x+ 1)k + (x+ 2)k + ... + (x+ r)k = yn x, y ∈ Z, k, n ≥ 2.
In 2013, Zhang and Bai [1] solved equation (1) with k = 2 and r = x. In 2014, the equation
(2) (x− 1)k + xk + (x+ 1)k = yn x, y, n ∈ Z, n ≥ 2,
was solved completely by Zhang [27] for k = 2, 3, 4 (Actually, firstly, Cassels considered equation (2) in
1985, and he proved that x = 0, 1, 2, 24 are the only integer solutions to this equation for k = 3 and
n = 2). In the next year, Bennett, Patel and Siksek [3] extended Zhang’s result, completely solving
equation (2) in the cases k = 5 and k = 6. In 2016, Bennett, Patel and Siksek [4] considered equation
(1). They gave the integral solutions to equation (1) using linear forms in logarithms, sieving, and Frey
curves when k = 3, 2 ≤ r ≤ 50, x ≥ 1, and n is prime.
Let k ≥ 2 be even and r be a non-zero integer. In 2017, Patel and Siksek [18] showed that for almost
all d ≥ 2 (in the sense of natural density), the equation
xk + (x+ r)k + ... + (x+ (d− 1)r)k = yn, x, y, n ∈ Z, n ≥ 2,
has no solutions. Recently, a generalization of equation (2) was also considered by some authors.
Zhang [28], Koutsianas and Patel (see [13], [14]) studied the integer solutions of the equation
(3) (x− d)k + xk + (x+ d)k = yn, x, y ∈ Z, n ≥ 2,
for the cases k = 4 and k = 2. Zhang gave some results on equation (3) with k = 4 by using modular
approach. Koutsianas also used modular approach and he proved that equation (3) has no solutions
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when d = pb, k = 2, and n ≥ 7 for p ∈ {7, 11, 13, 17, 19, 23, 31, 37, 41, 43, 47} and b ≥ 0 unless n is in
Table 1 in his paper [13].
More recently, Garcia and Patel [9] complemented the work of Cassels, Koutsianas and Zhang by
considering the case when k = 3 and showing that equation (3) with n ≥ 5 a prime and 0 < d ≤ 106
has only trivial solutions (x, y, n) which satisfy xy = 0. Then, Kundu and Patel [15] determined all
primitive solutions to the equation (x + r)2 + (x + 2r)2 + · · ·+ (x + dr)2 = yn for 2 ≤ d ≤ 10 and for
1 ≤ r ≤ 104 (except the case d = 6, where they considered only 1 ≤ r ≤ 5000).
Let k, ℓ be fixed integers such that k ≥ 1, ℓ > 0 and ℓ even. In 2017, Soydan [24] considered the
equation
(4) (x+ 1)k + (x+ 2)k + ...+ (ℓx)k = yn, x, y, n ∈ Z.
He proved that it has only finitely many solutions where x, y ≥ 1, k 6= 1, 3 and n ≥ 2. He also showed
that equation (4) has infinitely many solutions with k = 1, 3 and n ≥ 2. In the next year, Be´rczes,
Pink, Savas and Soydan [6] considered equation (4) with ℓ = 2. They proved that it has no solutions if
2 ≤ x ≤ 13, y ≥ 2, and n ≥ 3.
In this work, we reconsider the Diophantine equation
(5) (x+ 1)k + (x+ 2)k + ...+ (ℓx)k = yn
in integers x, y ≥ 1 and n ≥ 2.
2. Preliminaries
We shall use the following important results of Schinzel-Tijdeman [23] and Brindza [8] on the su-
perelliptic equation
(6) f(x) = yn.
Theorem 2.1 (Schinzel-Tijdeman, [23]). Let f(x) ∈ Q[x] be a polynomial having at least 2 distinct
roots. Then there exists an effective constant N(f) such that any solution of (6) in x, n ∈ Z, y ∈ Q
satisfies n ≤ N(f).
Corollary 2.2 (Schinzel-Tijdeman, [23]). Let f(x) ∈ Q[x] be a polynomial having at least 3 simple
roots. Then (6) has at most finitely many solutions in x, n ∈ Z, y ∈ Q satisfying n > 1. If f(x) has
2 simple roots then (6) has only finitely many solutions with n > 2. In both cases the solutions can be
explicitly determined.
Theorem 2.3 (Brindza, [8]). Let H(x) ∈ Q[x],
H(x) = a0x
N + ...+ aN = a0
m∏
i=1
(x− αi)
ri,
with a0 6= 0 and αi 6= αj for i 6= j. Let 0 6= b ∈ Z, 2 ≤ n ∈ Z and define ti =
n
(n,ri)
. Suppose that
{t1, ..., tm} is not a permutation of the m-tuples (a) {t, 1, ..., 1}, t ≥ 1; (b) {2, 2, 1, ..., 1}.
Then all solutions (x, y) ∈ Z2 of the equation
H(x) = byn
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satisfy max{|x|, |y|} < C, where C is an effectively computable constant depending only on H, b, and
n.
3. Main results
Consider H(x) = (x + 1)k + (x + 2)k + · · · + (ℓx)k. By [21, Formula 2.3], H(x) = Bk+1(ℓx + 1) −
Bk+1(x+ 1), where
Bq(x) = x
q −
1
2
qxq−1 +
1
6
(
q
2
)
xq−2 + · · · =
q∑
i=0
(
q
i
)
xq−iBi
is the q-th Bernoulli polynomial with q = k + 1; see [21, formula 2.71]. Therefore,
H(x) =
k+1∑
i=0
(
k + 1
i
)
(ℓx+ 1)k+1−iBi −
k+1∑
i=0
(
k + 1
i
)
(x+ 1)k+1−iBi =
(ℓk+1 − 1)xk+1 +
(k + 1)
2
(ℓk − 1)xk +
(k + 1)k
12
(ℓk−1 − 1)xk−1 + · · · .
Note that H(0) = 0 and the multiplicity of 0 as root of H(x) is 1 if k+1 is odd and 2 if k+1 is even.
Proposition 3.1. The polynomial H(x) has at least three distinct roots.
Proof. Let 0 be a root of multiplicity r = 1, 2 of H(x) and suppose that H(x) has only two distinct
roots. Then
H(x)
ℓk+1 − 1
= xr(x+ α)k+1−r
for some α. This means that
α(k + 1− r) =
(k + 1)(ℓk − 1)
2(ℓk+1 − 1)
, α2
(
k + 1− r
2
)
=
(k + 1)k(ℓk−1 − 1)
12(ℓk+1 − 1)
.
This implies that (
(k + 1)(ℓk − 1)
2(ℓk+1 − 1)(k + 1− r)
)2
·
(
k + 1− r
2
)
=
(k + 1)k(ℓk−1 − 1)
12(ℓk+1 − 1)
and therefore
(7) r = k
(
1−
2(ℓk−1 − 1)(ℓk+1 − 1)
3(k + 1)(ℓk − 1)2 − 2k(ℓk−1 − 1)(ℓk+1 − 1)
)
.
Since ℓ ≥ 2, we obtain (ℓ + 1
ℓ
)ℓk ≥ (2 + 1
ℓ
)ℓk > 2ℓk. Using (ℓ + 1
ℓ
)ℓk > 2ℓk, we get ℓk+1 + ℓk−1 > 2ℓk.
From here, we get −2ℓk + 1 + ℓ2k > −ℓk+1 − ℓk−1 + ℓ2k + 1, whence
(8) (ℓk − 1)2 > (ℓk−1 − 1)(ℓk+1 − 1).
Now we consider the expression
3(k + 1)(ℓk − 1)2 − 2k(ℓk−1 − 1)(ℓk+1 − 1)
2(ℓk−1 − 1)(ℓk+1 − 1)
,
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which equals
(9)
3(k + 1)(ℓk − 1)2
2(ℓk−1 − 1)(ℓk+1 − 1)
− k.
Using (8) and (9), we find that
3(k + 1)
2
·
(ℓk − 1)2
(ℓk−1 − 1)(ℓk+1 − 1)
>
3(k + 1)
2
,
hence
3(k + 1)(ℓk − 1)2
2(ℓk−1 − 1)(ℓk+1 − 1)
− k >
3(k + 1)
2
− k =
(k + 3)
2
.
Thus we obtain
2(ℓk−1 − 1)(ℓk+1 − 1)
3(k + 1)(ℓk − 1)2 − 2k(ℓk−1 − 1)(ℓk+1 − 1)
<
2
k + 3
.
By (7), r ∈]k − 2, k[, that is, the only possibility is r = k − 1. If r = 1, then k = 2 and, by (7),
1 = 2
(
1−
2(ℓ− 1)(ℓ3 − 1)
9(ℓ2 − 1)2 − 4(ℓ− 1)(ℓ3 − 1)
)
,
which yields 8(ℓ2 + ℓ+ 1) = 9(ℓ+ 1)2, a contradiction. If r = 2, then k = 3 and, by (7),
2 = 3
(
1−
2(ℓ2 − 1)(ℓ4 − 1)
12(ℓ3 − 1)2 − 6(ℓ2 − 1)(ℓ4 − 1)
)
,
therefore (ℓ+ 1)(ℓ2 + 1) = (ℓ2 + ℓ+ 1)2 which is a contradiction.
Thus there are at least three distinct roots. 
In the following, we want to apply Theorem 2.3. In particular, we want to establish sufficient condi-
tions to avoid both patterns (a) and (b).
Theorem 3.2 (Main theorem). Let k, ℓ be fixed integers such that k ≥ 2, k 6= 3, ℓ ≥ 2. Then all
solutions of equation (5) in integers x, y, n with x, y ≥ 1, n ≥ 2 satisfy max{x, y, n} < C where C is an
effectively computable constant depending only on ℓ and k.
4. Proof of Theorem 3.2
Proof. We distinguish the cases k + 1 odd and k + 1 even.
Case 1: We suppose that k + 1 is odd and then the multiplicity of the root 0 is r = 1. Then
t0 =
n
(n,1)
= n.
Also, using that
k−1∑
i=0
(
k
i
)
Bi = 0 (see [21, formulas (4.2) and (4.3)]), the term of degree of 1 of H(x) is
(ℓ− 1)
k∑
i=0
(
k + 1
i
)
(k + 1− i)Bi = (k + 1)(ℓ− 1)
k∑
i=0
(
k
i
)
Bi = (k + 1)(ℓ− 1)Bk 6= 0,
where Bi is i-th Bernoulli number.
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(i) Suppose n ∤ k.
Since k is even and n ∤ k, the case n = 2 is impossible. Therefore n > 2 since k is even and
then there exists at least one root distinct from 0 such that n ∤ ri, where ri is its multiplicity.
This yields ti =
n
(n,ri)
6= 1 and therefore the bad patterns in Theorem 2.3 are avoided.
(ii) Suppose n | k.
If all the roots of the polynomial H(x) have multiplicity ri divisible by n, then H(x)/x =
(ℓk+1−1)f(x)n, where f(x) = xs+
∑s−1
i=0 αix
i, with k = ns. Since all coefficients ofH(x)/(x(ℓk+1−
1)) are rational, f(x) also must have rational coefficients. So the term α0 is rational and
αn0 = (k+1)(ℓ− 1)Bk/(ℓ
k+1− 1). According to the von Staudt-Clausen theorem, if Bk 6= 0 then
2 divides the denominator but 4 does not divide. In this case, if 2a is the highest power that
divides ℓ− 1, then 2a is the highest power which also divides ℓk+1 − 1. Therefore 2 divides and
4 does not divide the denominator of αn0 which is a contradiction.
If there exists at least one root having multiplicity ri not divisible by n, then the pattern does
not correspond to (n, 1, 1, 1, 1 . . .). So this case is completed.
Case 2: Now suppose that k + 1 is even and then the multiplicity of the root 0 is r = 2. Then
t0 =
n
(n,2)
∈ {n/2, n}. Also, Bk−1 6= 0 and the term of degree 2 in H(x) is given by
(ℓ2 − 1)
k−1∑
i=0
(
k + 1
i
)(
k + 1− i
2
)
Bi =
(
k + 1
2
)
(ℓ2 − 1)
k−1∑
i=0
(
k − 1
i
)
Bi =
(
k + 1
2
)
(ℓ2 − 1)Bk−1 6= 0.
(i) Suppose n | (k − 1).
If there exists at least one root having multiplicity ri not divisible by n, then the pattern does
not correspond to (n, 1, 1, 1, 1, . . .).
If all the roots of the polynomialH(x) have multiplicity ri divisible by n, thenH(x)/(x
2(ℓk+1−
1)) must be a monic polynomial which is also an n-power, then H(x)/x2 = (ℓk+1−1)f(x)n, where
f ∈ Q[x]. By the von Staudt-Clausen theorem again, a prime p divides the denominator of Bk−1
if and only if (p− 1) | (k − 1) and the denominator is square-free. Suppose that 2e || (k + 1)/2,
that is 2e | (k + 1)/2 and 2e+1 ∤ (k + 1)/2. Then
k + 1
2
≡ 2e (mod 2e+1).
Now assume that ℓ is odd. Then
ℓ2 = 1 + 8t (mod 2e+1),
therefore
ℓ2 − 1
ℓk+1 − 1
=
1
ℓk−1 + ℓk−3 + ℓk−5 + · · ·+ ℓ2 + 1
=
1
z
,
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where
z ≡ 1 + (1 + 8t) + (1 + 8t)2 + (1 + 8t)3 + · · ·+ (1 + 8t)(k−1)/2
≡
(1 + 8t)(k+1)/2 − 1
8t
(mod 2e+1) ≡
k+1
2
8t+ k
2
−1
8
(8t)2 + · · ·
8t
(mod 2e+1)
≡
k + 1
2
+
k2 − 1
8
8t+ · · · (mod 2e+1) ≡
k + 1
2
(mod 2e+1) ≡ 2e (mod 2e+1).
Thus 2e || z and then 2 is the highest power of 2 dividing the denominator of(
k + 1
2
)
ℓ2 − 1
ℓk+1 − 1
Bk−1.
This is not possible since
αn0 =
(
k + 1
2
)
ℓ2 − 1
ℓk+1 − 1
Bk−1.
Since the case when ℓ is even for the equation (5) has already been considered in [24], the
proof of case (i) is completed.
(ii) Suppose n ∤ (k − 1). Then n must be at least 3, since k − 1 is even.
• If n = 3, then t0 =
n
(n,2)
= 3 and there exists at least one root distinct from 0 such that
n ∤ ri, where ri is its multiplicity. This yields ti =
n
(n,ri)
6= 1 and therefore the bad patterns
are avoided.
• If n = 4, then t0 =
n
(n,2)
= 2. Since n ∤ k−1, it can be still possible that there exists a unique
root of multiplicity ri, not divisible by 4, but divisible by 2, and all the other multiplicities
are divisible by 4. So we can write H(x)/x2 = (ℓk+1 − 1)f(x)2 where f ∈ Q[x], since H(x)
has, apart from 0, one root of multiplicity 2, and all the other multiplicities are divisible by
4.
Here we distinguish two cases. First we suppose that ℓ is odd. Then, following the steps in
Case 2 (i), we get that 2 is the highest power of 2 dividing the denominator of(
k + 1
2
)
ℓ2 − 1
ℓk+1 − 1
Bk−1,
which contradicts with
α20 =
(
k + 1
2
)
ℓ2 − 1
ℓk+1 − 1
Bk−1.
The case when ℓ is even has been considered in [24]. So the proof of the case (ii) with n = 4
is completed.
• If n > 4, then t0 =
n
(n,2)
> 2, and there exists at least one root distinct from 0 such that
n ∤ ri, where ri is its multiplicity. This yields ti =
n
(n,ri)
6= 1 and therefore the bad patterns
are avoided. This finishes the proof of the theorem.

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